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Fourway 


The Fourway problem was devised to illustrate two 


principles: 
1. That a simple, well-defined procedure cannot 
e be carried out manually, but requires a computer. 


2. That such a procedure, programmed by a precise 
algorithm, is unpredictable in the sense that the person 
who writes the program cannot tell what will happen when 
it runs on the computer. 


Consider the 3 x 3 form of Fourway. Given an 
array of nine cells: 
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Each cell contains an integer in the range from 1 to 4. 
The number in the cell indicates the direction to be 
followed, according to this plan: 


Thus, if the cell contains a 1, move North; if it 
contains a 2, move East; and so on, Each time a move 
is made out of a cell, the number in the cell advances 
as shown by the arrows in the circle; that is, l 
advances to 2; 4 advances to 13; and so on. 


The nine cells all contain 1 to start. Play 
starts at the center cell. Moves are made from cell 
to cell until an escape from the array occurs, to one 
of the 12 exits numbered in the first diagram. A 
tally is made of the exit number, and a new play begins. 


We now have the following problems: 


1. Will each game, starting always at the 
center cell, eventually exit? 


2. What will be the distribution of the tallies 
at the l2 exits after many games? 


3. Will the pattern of numbers within the 
cells ever return to all 1's? 


The 3 x 3 form can be analyzed completely by 
hand. The first play exits at 2; the second play exits 
at 3; the third play exits at 1. After 16 plays, the 
array will have returned to its original pattern, and 
the distribution of the exit tallies will be: 
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The 5 x 5 form begins to be difficult to 
analyze by hand. Computer analysis shows that it will 
return to the pattern of all 1's after 104 games, 
after which the distribution of the 20 exit tallies 
will be: 


BAe Ont 370,070,3,3,0,9,6,3,3,5,0,6,3. 


Similar results for the 7 x 7 form indicate a 
cycle length of 544, and for the 9 x 9 form, a cycle 
length of 146248. Results are not known for any 
larger form of Fourway. 


The next higher extension is to ia ae 
which each cell can contain a number from 1 een 
the following move rule: 
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The cycle lengths for Eightway have been found as 
follows: 


3 x 3: 14o 
5 x 5: 69784 
and nothing further is known. 
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If the problem is extended to three dimensions, 
then the simplest form would be Sixway, in which a 
move can be made from one cube to any of the six cubes 
surrounding it, proceeding across the six faces of the 
cube. If movement across the edges is allowed, then 
the game becomes 18-way; or if movement to any surrounding 


cube is allowed, the game becomes 26-way. For the 
5 x 5 x 5 form of 26-way, there are 218 possible exit 
points. 


Fourway has been studied to some depth. There 
seems to be no way that a pattern of numbers in the 
cells can cause a game to hang up in a loop, although 
this has not been proven. For the smaller forms 
(e.g., 5 x 5), every starting pattern that has been 
tried has yielded the same results; namely, a return 
to that pattern after the stated cycle length. 
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Texas Instruments SR-10 


The SR-10 is the intermediate model in pocket 
electronic calculators, selling currently for $150. It 
has most of the features of the low priced models (those 
reviewed in PC-2), plus these features: 


1. In addition to full floating decimal capability, 
there is also scientific notation, with a range on the 
exponent from +99 to -99. 


2. Function keys are provided for reciprocals, 
squares, and square roots. 


3. The battery-saving feature turns off the display, 
except for the low order digit, after 25 seconds or so of 
non-use; the complete display is restored on depressing 
the EQUALS key. 


On the other hand, the SR-10 does not have the 
ability to store a constant multiplier or divisor. Also, 
the lower priced machines are capable of squaring any 
result (by depressing TIMES and EQUALS) and can calculate 
the reciprocal of a result, albeit awkwardly. 


Texas Instruments has published an "Applications 
Guide" for the SR-10, showing many efficient tricks of 
desk calculator use, plus ways of obtaining logarithms, 
exponentials, and trigonometric functions. The latter 
schemes are sort of Hastings! approximations? but 
designed for a more limited range, limited accuracy, and 
for use on this machine. As an example of the former 
schemes, the booklet (20 pages) shows that sums of 
quotients can be calculated by identities like: 


A C Bee AD 1y 
ptrptTFs (se +o) +8 /® 


Thus, the SR-10 offers a wider arithmetic range 
through scientific notation; it has the square root 
function; it lacks storage for a constant; the maker 
is interested in helping users achieve greater efficiency. 


*Cecil Hastings, Jr., Approximations for Digital Computers, 
Princeton University Press, 1955. 
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Numbering the Fractions 


The accompanying table is part of an infinite 
array. It is a device for displaying all the proper 
fractions in lowest terms in order. Each row is a 
separate higher denominator, and within each row the 
numerators are in ascending sequence. Since things are 
neat and orderly, every such fraction will appear in the 
array in a definite place, and hence every fraction can 


be given a position number. The position numbers shown 
in cireles on the left are for the fractions having one 
as a numerator. Every row will have such a fraction, 


and will also have the fraction of the form (D-1)/D. 
This scheme for numbering the fractions is a thinly 
disguised way of expressing the Euler @-function. 


The present limits of knowledge about this 
numbering scheme are summarized in this table: 


Denominator Number of unit fraction 


100 3005 
200 12153 
300 27319 
400 48519 
500 75917 
600 109341 
700 148779 
800 194437 
900 246087 
1000 303793 
2000 1215789 
3000 2735389 
4000 4862003 
5000 7598459 
6000 10941565 
7000 14892747 
8000 19452583 
9000 24619119 
125 itlsaae9 
7493359 

15000 68390317 
20000 121582397 
25000 189970091 
28000 238299681 


These resuits are due to Richard Sandin, April 15, 1972 


Beis, 


*S8dInNSTJ PoeToOuTO auy UIFM PeqeoTpuT Sf szoq¥etoumu 4fUN UTM SsuOoTQ0eaZ aug jo 


Jaqunu uoTtgtsod auy, “suUIe} JSOMOT UT suotqoevay aedoad 
6T/ET 6T/LT°*"*"*°""" GE/8 6L/2) 6e/Seow/eemematy 
BT/LT gt/ET QT/TT 
LU/9t LUs/St°* "°° L/S) Lif L/ oS ean 
QT/ST 9QT/ET 9T/TT 9T/6 9T/L 
St/Ht ST/ET ST/TT ST/g ST/L 
HT/ET T/Tt T/6 
€tfet ET/tt ET/OT EL/E ET/Q EL/L €0/o St/aeeeesT 
et/Tt 
TI/Olt TI/6 TL/g T/L Tt/9) Tio 
OT/6 
6/8 6/L 
1/9 L/S 


seize oF yewegshs 


auq go 
6T/E 61/2 
gt/L gt/s 
LT/E LI/2 
9T/S 9T/E 
Gl/h St/2 
HT/S T/E 
ET/E ET/2 
Zt/L 2et/s 
It/E t/2 
Ot/L OT/E 
6/S 6/h 6/2 
g/L B/S B/E 
L/t, LTE Te 
9/S 
G/i_ G/E S/2 
H/E 
E/2 


6T/T 
ST/T 
LT/T 
9T/T 
ST/T 
HT/T 
ET/T 
t/t 
Tt/t 
OT/T 
6/T 
8/T 
21/7 
9/T 
S/T 
/T 
E/T 
2/t 
t/t 


© HOOOOSHODOOGHOOOHOOOH®) 


PC3-10 


Figure 1 shows the basic logic for extending the 
numbered array indefinitely. The housekeeping phase 
might be the following: Set N=1, D = 25000, and 
P = 189970091. 


Whatever we might want to do with the array can 
be added at the place marked XxX. Questions like the 
following could be answered: 


a) What is the position number of the fraction 
2345/10007? 


b) What fraction has the position number 500,000,000? 


The logic of the first flowehart may be correct. 
It constitutes an algorithm, and illustrates clearly that 
an algorithm, while guaranteeing results, may be terribly 
inefficient. Casval inspection of Figure 1 reveais 
that there may be many ways to speed up the calculation: 


1. Since every row of the array contains both 1/D 
and (D-1)/D, it should be possible to by-pass the test 
logic for those fractions. 


2. If the denominator is even, then only odd 
numerators need be considered. 


3. If the denominator is prime, its whole row can 
be by-passed, and the position number can simply be 
increased by (D-1). This introduces a nice matter of 
judgement; namely, will a test for primality cost more 
than it saves? Note also that if shortcut (1) has 
been added to the logic, then this shortcut must allow 
for it. 


4, Since there are always an even number of 
fractions in any row, then we need only count to the 
middie of the row and double that count. For the cost 
of one simpie test, the speed of the algorithm can be 
doubled. 


If all of these shortcuts could be applied at once, 
the scheme would operate nearly three times as fast. A 
factor of 3 increase in operating speed is worth working 
for. 


Figure 2 shows an improved scheme for extending the 
array. The whole problem makes an excellent training 
exercise in the logic of flowcharting. 
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It is known that when x = aV163, then 
eX = 262537412640768743 .99999999999925007260... 

This is probably the closest value to an integer 
Known for an irrational number, The value of ie where 
A and B are irrationals, is always irrational, if not 
transcendental. The table on the next page shows some 
results for A and B taken as square roots of smail primes; 
for eS amplea/ioe = 131.997009. These results were 
obtained with an HP=35 calculator. 

If A and B are restricted to square roots of 
non-square integers (not necessarily primes), how close 
can we get to an integer? In the example just given, 
we have come to within .O0002991. Call this G. If we 
ietya © = Q, then we seek the smallest value of 


[sea] 
= a= [s| 


where the brackets denote "greatest integer in." 
A year's subscription to POPULAR COMPUTING will be 
given to the person finding the smallest value of G, 
subject to the restrictions stated above. Entries 
received up to August 1, 1973 will be considered. 
& Evidence must be submitted that the computer program was 


properly tested. 
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